I present, in a rigorous form, the Green's functions that represent the dynamic displacement response of an infinite, homogeneous and isotropic medium to a constant slip rate on a quadrantal fault that continues perpetually after the slip onset. I also present analytical expressions for the corresponding stress Green's functions that are a major simplification over previously known solutions. The equations derived can be utilized in the formulation of boundary element methods that discretize a fault plane into a set of small rectangular elements and assume the slip rate to be piecewise constant within each discrete element.
INTROD U C T I O N
In the boundary element method (BEM) modelling of the elastodynamic field created by slip on a fault in a three-dimensional (3-D) medium, the fault plane is often discretized into a set of small rectangular elements, on each of which the slip is assumed to follow certain types of spatio-temporal variation profiles. One of the simplest and most popular categories of such assumption is that of the so-called piecewise constant slip rate, which states that the slip rate takes a constant value everywhere and at every moment within a given rectangular element and within a given discrete time window. The elastodynamic field in the medium is calculated by convolving the discrete spatio-temporal profile of the fault slip with Green's functions corresponding to a constant slip-rate that takes place on each discrete fault element and within each discrete time window. The knowledge of these Green's functions therefore makes an indispensable part of the BEM modelling of fault dynamics.
In mathematical terms, a constant slip-rate profile localized on a rectangular fault element and within a finite time window is equivalent to a superposition, with appropriate offsets in space and time and with appropriate sign reversals, of eight identical profiles of slip rate that takes a constant value everywhere on a quadrantal part of the fault and at every moment after the onset of slip (Fukuyama & Madariaga 1998) . The question of calculating Green's functions for a constant slip rate on a rectangular space-time element thus reduces to the question of calculating the Green's functions for a constant slip rate on a quadrantal fault that goes on perpetually after the onset of slip. The stress Green's functions for such a quadrantal fault model placed in an infinite, homogeneous and isotropic medium were obtained analytically by Aochi (1999) and Aochi et al. (2000a) and were fully utilized in their numerical simulation of fault dynamics. The analytical expressions for the displacement Green's functions have remained unknown, however, because of the complexity of the algebra involved.
In the present study I have derived, in a rigorous form, Green's functions that represent the displacement response of an infinite, homogeneous and isotropic medium to a constant slip rate on a quadrantal fault that continues perpetually after the slip onset. Although these Green's functions can be evaluated numerically, the use of analytical expressions is highly beneficial from the viewpoint of computational efficiency. I have double-checked my equations by deriving them with two different methods and confirming their consistency with a corresponding two-dimensional (2-D) theory. I have also been able to substantially simplify the expressions for the stress Green's functions over those obtained by Aochi (1999) and Aochi et al. (2000a) .
DEFI N I T I O N O F T H E P RO B L E M
We consider a flat crack on the x 1 x 2 -plane embedded in a 3-D infinite, homogeneous and isotropic medium, and denote by (ξ 1 , ξ 2 ) the coordinates of a slip source lying on the crack. We would like to calculate the displacement response to a hypothetical slip-rate step of the form How a constant slip-rate profile localized on a rectangular fault and within a finite time window can be expressed by a superposition of eight constant slip-rate profiles spread over a quadrantal fault and over a semi-infinite time window.
u i (ξ, t) = D i H (ξ 1 )H (ξ 2 )H (t)t. (2)
Throughout the article, u i (ξ, t) represents the slip across the crack in the ith direction at location x and time t as defined by the relative displacement on the positive-x 3 side with reference to the negative-x 3 side, H (·) the Heaviside step function, u i (x, t) the displacement in the ith direction, σ i j (x, t) the ij-component of the stress, the whole surface of the crack, µ the rigidity, c L the P-wave speed, c T the S-wave speed, and we also define the symbols
Latin subscripts are meant to run over 1, 2 and 3. A constant slip-rate profile localized on the rectangle
2 and within the time window t a ≤ t ≤ t b is expressed by
or a superposition of eight profiles of type (1) with appropriate offsets in space and time and with appropriate sign reversals (Fig. 1; Fukuyama & Madariaga 1998) .
METH O D 1 : D I R E C T I N T E G R A T I O N I N T H E T I M E D O M A I N
A set of integral equations, representing the displacement field created by a fault on the x 1 x 2 -plane, was given by Tada et al. (2000, eqs 62 and 63) . Substituting (1) into their equations, we obtain, after some algebra, that the displacement field is expressed as
with Green's functions 
and
The other components of Green's functions are easily obtained by considering the symmetry between x 1 and x 2 . Our next step is to calculate the definite integrals (9)-(12). To do this, we consider a sphere, centred at x and with a radius ct, intersecting with the ξ 1 ξ 2 -plane along a circumference centred at P (x 1 , x 2 , 0) and with a radius c 2 t 2 − x 2 3 . We need to carry out integration in the part of the interior of this circle that also lies in the first quadrant (ξ 1 ≥ 0, ξ 2 ≥ 0). An integration domain with such a complicated geometry can be synthesized systematically in the following way (Fig. 2): (a) If circle P exists (if the above-mentioned sphere crosses the x 1 x 2 -plane) and if point P lies in the first quadrant (x 1 ≥ 0, x 2 ≥ 0), we designate the whole interior of circle P as the original geometry of the integration domain. Otherwise, we start from the assumption of a zero integration domain.
(b) If circle P crosses the positive part of the ξ 1 -axis, we name Q min the leftmost point on the positive ξ 1 -axis that lies within the circle, and Q max the rightmost such point. We consider a fan cut out on both sides by radii PQ min and PQ max . If x 2 ≥ 0, we subtract from the integration domain the part of this fan that lies in the area ξ 2 < 0. If x 2 < 0, we add to the integration domain the part of this fan that lies in the area ξ 2 > 0.
In algebraic terms, the x 1 -coordinates of Q min and Q max are, respectively,
where
(c) Repeat the same procedure with the x 1 -and x 2 -coordinates interchanged.
The definite integrals (9)- (12) are obtained by addition and/or subtraction of three definite integrals evaluated over the auxiliary integration domains defined in (a), (b) and (c). This requires highly complicated algebra, but it is feasible anyway, and we obtain, for example,
(16) When x 1 or x 2 changes its sign from negative to positive in a smooth increase, the arctan terms change their values discontinuously, but these changes are cancelled out by the step function term. See Appendix A for additional comments on how these complicated algebraic expressions can be accounted for.
We can derive the analytical expressions for (10)-(12) in a similar way and, after some algebra and inspection, we obtain the full mathematical expressions for the displacement Green's functions K P,S i/j : 
The other components are obtained by considering the symmetry between x 1 and x 2 . It is worth noting that, apart from the instantaneous response terms present in K The displacement-rate Green's functions are obtained by simple differentiation with regard to time, usinġ
Fig. 3(a) graphically illustrates Green's functions K 1/1 , K 2/1 and K 3/1 , calculated by eqs (6) and (17)- (22), representing the transient displacement history in the x 1 -, x 2 -and x 3 -directions at point (0.7, 0.3, 0.1), created by a constant slip rate of unit magnitude taking place in the x 1 -direction across the quadrantal fault x 1 , x 2 ≥ 0 and lasting perpetually after the onset of slip at t = 0. The values of the elastic wave velocities used are c L = √ 3 and c T = 1. A rectangular fault can be modelled as a superposition of four quadrantal faults with appropriate offsets in space and with appropriate sign reversals, while a finite time window can be modelled as a difference of two semi-infinite time windows (Fig. 1 ). In Figs 3(b)-(d), I show Green's functions for the cases in which the semi-infinite slip duration has been replaced by a finite duration 0 ≤ t ≤ 1, in which the quadrantal fault has been replaced by a rectangular fault 0 ≤ x 1 , x 2 ≤ 1, and in which both have been replaced, respectively. In mathematical terms, the slip-rate profiles we assumed in the four cases are 
METH O D 2 : C A G N I A R D -D E H O O P T E C H N I Q U E
The displacement Green's functions can also be obtained with the Cagniard-de Hoop technique, by modifying the method of Madariaga (1978) who derived the rigorous expression for the elastodynamic field created by a rectangular fault of fixed width embedded in a 3-D medium that propagates unilaterally at a constant rupture velocity.
Let us consider again the hypothetical slip-rate step (1), and impose a corresponding slip boundary condition on the positive side x 3 = +0 of the fault plane. For the purpose of some later considerations on the complex plane, we introduce a hypothetical effect of finite rupture velocities in the +x 1 -and +x 2 -directions and suppose that those rupture velocities tend to infinity:
As will be explained later, the introduction of the finite rupture velocities helps to locate the poles g c and g s (eq. 59) either to the left or to the right of the imaginary g-axis depending on the sign of x 1 and x 2 , and produces H (x 1 ) and H (x 2 ) functions in the final results. Meanwhile, the displacement field can be written as
with the Helmholtz potentials φ and ψ satisfying the wave equations and the compatibility condition
Defining the double Laplace transform by
the potentials can be written, in the upper half-space x 3 > 0, in the form 
with
and the elastodynamic field is expressed by
The boundary conditions to be met on x 3 = +0 are
in the case of shear faulting and
in the case of tensile faulting. The compatibility condition can be rewritten as
Solving these for the expressions of and i , and applying inverse Laplace transform in space, we finally have the following expressions for the displacement-accelerationü i in the upper half-space x 3 > 0 created by the slip (36) in the kth direction:
where L 1 , L 2 are Bromwich contours, or the imaginary p 1 -and the imaginary p 2 -axes, respectively, in the present case. Hereafter I deal with the expressions for the displacement-accelerationü i instead of those for the displacement-rate or the displacement itself, because doing so keeps the Laplace parameter s from appearing outside the exp function within the integrand. Next we transform variables by
Eq. (54) becomes where L g is a Bromwich contour on the complex g-plane. The poles of the integrand on the g-plane lie at
We deform L g from the imaginary g-axis to the Cagniard contour defined parametrically by (Fig. 4) . This contour always runs to the left of the imaginary g-axis. The pole g c , lying on the imaginary axis, belongs to its left side if and only if x 2 > 0, while the pole g s , also lying on the imaginary axis, belongs to its left side if and only if x 1 > 0. We evaluate separately the contribution to the integral (58) from the pole g c , the pole g s and from the Cagniard contour g I ± α . The contributionü αc i from the pole g c is obtained by evaluating the residue of the integrand
and the factor H (x 2 ) accounts for the fact that this component of the integral exists only when x 2 > 0. We next deform the integration path from the real w-axis to the Cagniard contour defined by
or
Since x 2 > 0, this contour runs below the real axis if x 1 > 0 and above the real axis if x 1 < 0 (Fig. 5) . The pole of the integrand is w = i (−γ 1 sin φ + γ 2 cos φ) → 0, which belongs above the real axis if and only if x 1 > 0 and γ 2 x 1 > γ 1 x 2 . Therefore, the contribution from this pole is
Considering the relationship
we havë
In a similar manner, the contributionü αs i from the pole g s is obtained as
The procedure to evaluate the contributionü 
where the reader is referred to Appendix B for the definition of I α ∞i/k , the residue at infinity. Since the imaginary part should vanish (I have verified this for all components),
Re
This result, which is valid in the upper half-space x 3 > 0, coincided, when written down explicitly, with the second-order time derivative of the displacement solutions represented by eqs (17)- (26) and (27)- (30) in the previous section.
STRE S S G R E E N ' S F U N C T I O N S
The stress Green's functions for the hypothetical input (1) can be calculated by differentiating the displacement Green's functions (17)- (26) and (27)- (30) with regard to space. This can be done without much difficulty, and the result is The other components are obtained by considering the symmetry between x 1 and x 2 . Apart from the instantaneous response terms present in
22/3 and L P 33/3 , all components of the stress Green's functions are written as linear combinations of just five different sorts of relatively simple functions.
I have verified the equivalence of the above equations to the stress Green's functions which were derived by Aochi (1999) and Aochi et al. (2000a) through direct integration in the time domain. The expressions of the present article are a major simplification over those given by the latter authors.
In the special case of x 3 → 0, we have
(106) The first two equations are equivalent to and are a simplification over the expressions for the traction Green's functions, or the traction response on the fault plane x 3 = 0 to the slip-rate input (1), which were obtained earlier by Fukuyama & Madariaga (1998) .
INTE R F A C E W I T H T H E 2 -D T H E O R Y
Two quadrants make a half-plane when welded together. Using this fact, I have double-checked the above expressions for the 3-D elastodynamic Green's functions by verifying the compatibility with the corresponding 2-D theory.
Suppose that the whole half-plane x 1 ≥ 0 on the x 1 x 2 -plane undergoes a constant slip rate of the form
This can be regarded as a sum of a constant slip-rate profile on the quadrant x 1 ≥ 0, x 2 ≥ 0 and another on the quadrant x 1 ≥ 0, x 2 ≤ 0, so that the elastodynamic field created by this input slip can be obtained by summing up two 3-D Green's functions corresponding to a constant slip-rate profile on a quadrantal fault, for example,
The resulting expressions for the 2-D displacement and stress Green's functions corresponding to input (107) agreed exactly with those obtained earlier by Tada & Madariaga (2001) .
DISC U S S I O N S A N D C O N C L U S I O N
In the present study I have derived rigorous expressions for the Green's functions, which represent the displacement and stress response of an infinite, homogeneous and isotropic medium to a hypothetical constant slip rate on a quadrantal fault that continues perpetually after the slip onset.
The displacement Green's functions were derived by two independent methods; (1) direct evaluation, in the time domain, of relevant integral equations given by Tada et al. (2000) , and (2) a Cagniard-de Hoop integral technique as proposed by Madariaga (1978) . All components of the Green's functions are expressed by linear combinations of just four different sorts of relatively simple functions, plus Heaviside step function terms representing instantaneous response.
I have also substantially simplified the expressions for the stress Green's functions that had been obtained earlier by Aochi (1999) and Aochi et al. (2000a) . I obtained these expressions by differentiating the displacement Green's functions with respect to space coordinates. All components of the stress Green's functions are expressed by linear combinations of just five different sorts of relatively simple functions, plus Heaviside step function terms representing instantaneous response.
Two quadrantal planes make a half-plane when welded together. Using this fact, I have verified the expressions for the 3-D displacement and stress Green's functions by confirming the consistency with Tada & Madariaga's (2001) corresponding 2-D theory.
One can synthesize, by superposing eight such Green's functions with appropriate offsets in space and time and with appropriate sign reversals, the elastodynamic Green's functions corresponding to a hypothetical constant slip-rate profile localized on a rectangular fault and in a finite time window. The latter can then be utilized in the numerical simulation of fault dynamics, as long as one approximates the fault surface with an assembly of rectangular elements, and piecewise constant approximation is applied to the slip-rate profile: the elastodynamic field in the medium can then be calculated by convolving the discrete spatio-temporal profile of the slip rate with the Green's functions corresponding to a constant slip rate that takes place on each discrete fault element and within each discrete time window.
Aochi and coworkers have energetically carried out dynamic simulation of earthquake faulting on the basis of the method described above (e.g. Aochi et al. 2000b Aochi et al. , 2002 Aochi & Fukuyama 2002; Aochi & Madariaga 2003) . One only needs the stress Green's functions in such modelling works, because the usual problem to be encountered in the dynamic modelling of earthquakes is that of solving for the slip (or slip rate) profile when traction on the fault is known. However, the expression for the displacement Green's functions that I have derived in the present study is hoped to add a new dimension to the scope of this modelling method, since it allows one to calculate the displacement field around an earthquake fault once the slip-rate profile on that fault is known. Also, the simplified expression for the stress Green's functions may possibly bring about a substantial reduction in computation costs.
The theory of my present article can be extended, with a few modifications, to the method of calculating elastodynamic Green's functions for a constant slip-rate profile localized on a triangular fault element (Tada 2001) . The use of triangular elements in the modelling of a fault surface widens the scope of simulation studies significantly because, unlike in the case of rectangular elements, fault planes of any arbitrary geometry can be modelled approximatively by joining small triangular elements together. My co-workers and I have produced some preliminary results in implementing Green's function theory for triangular elements in the numerical modeling of rupture dynamics (Fukuyama et al. 2002) . In our future studies, we hope to make further improvements on the numerical algorithm of this modelling method and to try to simulate rupture processes on earthquake faults with more realistic geometries.
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R E F E R E N C E S

A P P E N D I X A : A N O T E O N T H E D I R E C T I N T E G R A T I O N I N T H E T I M E D O M A I N
In Section 3, I evaluated the definite integrals (9)-(12) by synthesizing their integration domain with a set of three auxiliary integration domains. Alternatively, the complicated geometry of their integration domain can also be synthesized systematically in the following way by a set of four auxiliary domains.
(a) If circle P exists (if the above-mentioned sphere crosses the x 1 x 2 -plane) and if point P lies in the first quadrant (x 1 ≥ 0, x 2 ≥ 0), we designate the whole interior of circle P as the original geometry of the integration domain. Otherwise, we start from the assumption of a zero integration domain.
(b) This step applies only when circle P crosses the x 1 -axis and when its centre P lies to the right of the x 2 -axis (x 1 ≥ 0). If point P lies above the x 1 -axis (x 2 ≥ 0), we subtract from the integration domain the part of circle P that lies below the x 1 -axis (ξ 2 < 0). If point P lies below the x 1 -axis (x 2 < 0), we add to the integration domain the part of circle P that lies above the x 1 -axis (ξ 2 ≥ 0).
(c) Carry out a similar procedure with the x 1 -and x 2 -coordinates interchanged.
x <0, x >0 1 2 Figure B2 . Trajectory of the pole w c α used for evaluating the contribution from the Cagniard contour on the g-plane.
Finally, the residue 
equals the coefficient for the w −1 term in the Laurent expansion of the integrand at w = ∞, with the sign reversed. Since
at w = ∞, we get, after some algebra, 
